Introduction
Due to the widespread use of ferromagnetic materials in practical engineering, it has become increasingly important to explore their mechanical behavior under external magnetic field ͓1͔. Ferromagnetic steel, for example, is a typical soft ferromagnetic widely used in nuclear reactors, and the analysis of its magnetoelastic performance has always been an important aspect of the structural analysis in the design of a nuclear reactor ͓2-8͔. With scientific and technological advances in the past few decades, many new types of functional ferromagnetic material emerge, such as the giant magnetostrictive alloy of rare earth ͑RE͒ elements and iron ͓9,10͔, magnetostrictive composites ͓11-13͔, and ferromagnetic shape memory alloys ͓14-18͔. Due to their superior properties, the new ferromagnetics have been employed to make sensors, actuators, and transducers. Correspondingly, the field of magnetomechanics has substantially grown.
Many researchers have contributed to the understanding of the classical mechanics of ferromagnetic structures. One of the main research subjects of traditional ferromagnetoelasticity has been the magnetoelastic buckling of ferromagnetic plates. Representative works on this subject are reviewed below.
Panovko and Gubanova ͓19͔ initiated the study on the stability of a ferromagnetic beam subjected to a static external magnetic field. Moon et al. ͓20-23͔ systematically studied the mechanical behavior of ferromagnetic plates and inductance winding structures. Their experiments revealed, for the first time, the magnetoelastic buckling of a ferromagnetic plate under a transverse magnetic field. Supposing that the magnetic field distributes homogeneously in the plate, they also developed a theoretical model, which gives an approximate result agreeing with experiment data when the ratio of plate length to thickness is relatively large. By means of the perturbation method, Pao and co-workers ͓24,25͔ established a linearized magnetoelastic theory on the basis of general nonlinear theory for multidomain soft ferromagnetic continuum subjected to a quasistatic magnetic field ͓2͔. This linearized magnetoelastic theory was obtained from the general coupled field equations, boundary conditions, and nonlinear constitutive equations. Eringen ͓6,26͔ and Maugin ͓5͔ combined electroelasticity with magnetoelasticity to establish a general theory of magnetoelectroelastic continuum. Miya et al. ͓27,28͔ calculated the distribution of magnetic field in magnetic materials by means of the finite element method. They also conducted experiments to study buckling of ferromagnetic plates with different length to thickness ratios. By using a variational formulation, Van de Ven ͓29,30͔ and Lieshout et al. ͓31͔ derived the same theoretical result as that of Pao and Yeh ͓24͔. For the ferromagnetics with low susceptibility and high thermal conductivity, Takagi and Tani ͓32͔ applied the modal magnetic damping method in the magnetomechanical analysis of a vibrating thin plate in a magnetic field, and found that this method gives a conservative evaluation in structural design in a strong magnetic field. Xie et al. ͓33͔ studied the size effect on the magnetoelastic buckling of a ferromagnetic plate under an external magnetic field. Zhou, Zheng, and co-workers ͓34-40͔, and Zhou and Miya ͓41͔ systematically investigated the buckling of a soft ferromagnetic plate under a magnetic field. They developed a new model of magnetic forces to interpret the experimentally observed increase of natural frequencies under a longitudinal magnetic field. Yang et al. ͓42,43͔ proposed a new theory by considering the total energy of a ferromagnetic plate system. By including the energy of demagnetization, their theoretical predictions agree with the experimental results of Moon and Pao ͓20͔. In addition to the buckling of soft ferromagnetic plates, deformation and fracture of ferromagnetic materials and ferromagnetic composites constitute another important aspect of magnetoelasticity, attracting much recent attention. Along with the development of giant magnetostrictive alloys of RE and iron, and ferromagnetic shape memory alloys, many researchers have attempted to establish the magnetoelasticity of ferromagnetic materials, including the deformation and fracture of ferromagnetics of large magnetostriction and the effective properties of magnetostrictive composites ͓12,13͔. Since there already exist review articles ͓35͔ on the buckling of soft ferromagnetic plates under a magnetic field, we focus in this paper on the recent progress as well as the remaining
Experiment

Magnetomechanical Equipments and Techniques.
With the advance of magnetoelasticity, a multitude of magnetomechanical equipments have been developed. Carman and Mitrovic ͓44͔ established a set of equipments to measure the quasistatic magnetostrain ͑see Fig. 1͒ . This setup measures the longitudinal strain along the direction of the magnetic field by means of an optical fiber attached to the testing sample. The driving magnetic field is generated by a winding coil. The equipment can measure magnetostriction with the accuracy of the order micrometer without obvious disturbance from the external magnetic field. However, this equipment cannot apply mechanical forces to the sample and cannot yet test dynamic magnetostriction.
The Bitter coils can provide a very large magnetic field ͑see Fig. 2͒ . The components indicated in this figure are the following ͑1͒ ferromagnetic composite sample, ͑2͒ base, ͑3͒ movable capacitor plate, ͑4͒ cover, ͑5͒ insulator, ͑6͒ immovable capacitor plate, ͑7͒ distance rod, ͑8͒ nut, ͑9 and 10͒ leads connecting capacitor plates to a measuring bridge, and ͑11͒ winding of Bitter's magnet.
Bednarek ͓13͔ employed the Bitter coils to measure the strain of a Terfenol-D particulate composite sample, with the biggest magnetic field reaching 8 T. The magnetostrain is estimated by calculating the change of capacitance between movable and unmovable plates, where the movable plate is attached to the free end of the sample. The limitation of Bitter coils is that there is no device applying mechanical force, and, generally speaking, it is too expensive for a regular measurement. Figure 3 is a relatively simple magnetomechanical equipment ͓45͔ that generates a magnetic field by coils and provides mechanical force by means of adding weights. The test can be conducted under a constant stress in the process of magnetization. However, this equipment cannot provide a large magnetic field, and a large compressive stress is generally not available. Figure 4 ͓46͔ is a magnetostriction-testing equipment having a close magnetic circuit, with silicon sheet as the magnetic-field 
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Transactions of the ASME conducting medium. An adjustable spacer block is specially designed to ensure that the magnetic circuit remains closed even when the sample, driven by a magnetic field, elongates or contracts. Like all aforementioned testing setups, the magnetic field is produced by a coil. This equipment, however, is rather complex and also lacks components providing mechanical forces. Figure 5 ͓47͔ is a magnetomechanical setup that can offer hydraulic pressure to a testing sample. The cylindrical sample holder for rods of highly magnetostrictive materials can test the sample deformation under a constant prestress. The individual components are as follows: ͑1͒ nonmagnetic shell, ͑2͒ lid, ͑3͒ movable blank plug, ͑4͒ unmovable blank plug, ͑5͒ spherical support, ͑6͒ gasket, ͑7͒ sample, ͑8͒ sealing strip, ͑9͒ stain gauge, ͑10͒ Hall probe, ͑11͒ coils, ͑12͒ pressure transducer, ͑13͒ oil circuit for hydraulic pressure, and ͑14͒ oil. The magnetostrictive sample can be adjusted to be in pure compression by means of the hydraulic system and the spherical bearing. Magnetic field is produced by an electromagnet. This setup can provide variable magnetic and mechanical loads. The limitation is that only compressive force can be applied. Other kinds of mechanical loads such as tensile and bending forces cannot be exerted. Figure 6 ͓48͔ is the schematic of an experimental arrangement for testing magnetostrictive materials. A water-cooled electromagnet was particularly designed to have one pole piece modified to provide a compressive prestress to the magnetostrictive rod sample. The piston contained in the pole is actuated hydraulically by a hand pump. The largest compressive stress can be 74 MPa. The extensional strain was measured with strain gauges. Variable and constant compressive stresses can be obtained in the process of testing. However, this setup still cannot exert tensile stress to the sample.
To study the deformation and fracture of functional ferromagnetics, the magnetomechanical setup should include devices that can provide both magnetic field and mechanical loads, and also a measurement system for mechanical and magnetic data. The magnetic field is generally provided by an electromagnet or a permanent magnet. Superconducting coil ͓18,49͔ can carry intense electric current and produce substantially stronger magnetic field. However, it works typically under a cryogenic environment, requiring a set of supplementary facilities that are usually expensive. On the other hand, the operating space of a superconducting coil is very limited for the mechanical components. Therefore, electromagnet is commonly adopted as the magnetic-field generating equipment.
With the aforementioned objectives in mind, the authors of this paper developed one type of magnetomechanical setup ͓50,51͔, as shown in Fig. 7 . The entire equipment includes four main parts: electromagnet, mechanical system, measurement system, and con- trol and feedback system. The electromagnet can provide a continuously varying magnetic field by changing the intensity of the electric current. This part is equipped with power supply of high stability and wide range applicability. By means of a servoactuator, the mechanical part can provide tensile, compressive, bending, and other loads. Mechanical components for three-point bending and indentation loading are specially considered and designed. The measurement system collects and records the magnetic and mechanical data. The control and feedback system automatically controls and monitors the loading process of the magnetic field as well as the mechanical force. The equipment contains additional hardware ͑e.g., Gauss meter, Hall probe, mechanical transducer, strain gauge, and integrating instrument͒ and software ͑for data collecting, process monitoring, and controlling͒. To minimize the electromagnetic interference, those parts directly exposed to the magnetic field are specially designed to be made of copper or nonmagnetic stainless steel, and shielded wires are employed for data collecting.
Magnetomechanical Deformation .
Soft Ferromagnetic Metals.
The variability of magnetic properties of metals during deformation has been extensively studied for the application of nondestructive evaluation ͑NDE͒. It has been established that some soft ferromagnetic metals, such as iron, nickel, and steel, exhibit obvious changes in magnetic properties after deformation, especially after plastic deformation. Cullity ͓52͔ found that the magnetization of mild carbon steel increases if a tensile stress is applied in the direction of the magnetic field, and decreases for a compressive stress. Makar and Tanner ͓53,54͔ measured the magnetic parameters in an alloy steel under a uniaxial load, with the stress exceeding the yield strength. By studying the stress-induced changes in a coercive field, remanent magnetization, and reversible and total relative differential permeability, they found that the permeability and remanent magnetization can be used to detect the onset of dislocation growth, hence raising the prospect of using a magnetic NDE method to predict failure inner materials. In addition, they also studied the effect of residual stresses on the magnetic properties of an alloy steel.
Stevens ͓55͔ studied the magnetic properties of two grades of steel under a uniaxial load within the range of elasticity and found that the magnetic parameters are more sensitive to compressive stress than tensile stress. Takahashi et al. ͓56͔ measured the changes in magnetic properties of single-crystal pure iron, polycrystalline iron, and alloy steel under a uniaxial stress that is increased beyond the yield point. Magnetic parameters such as the coercive field and permeability were obtained by measuring the hysteresis loop. It is found the coercive field increases with the applied stress. Within a certain range of the magnetic coercive field, there exists a relation between susceptibility c and the magnetic field H, i.e., c = c / H 3 , where c is a material constant that is dependent on crystal defects ͑e.g., dislocation density͒ and grain boundary size, but independent of the deformation process and sample. This result is useful in a nondestructive testing for metal fatigue.
Devine and Jiles ͓57͔ studied annealed nickel and cobalt with a percentage purity of 99.99%. It is found that the external stress has negligibly small effect on the magnetostriction of cobalt, but has significant impact on nickel. Tensile stress increases magnetostriction, while compressive stress decreases it. The authors of this paper also tested the magnetostriction of nickel ͓51͔, with a saturated magnetostriction of −36 ppm at zero stress, rising gradually to −48 ppm at a tensile stress of 318.3 MPa ͑see Fig. 8͑a͒͒ while reducing to −22 ppm at a compressive stress of 89.1 MPa ͑Fig. 8͑b͒͒.
Pearson et al. ͓58͔ measured the magnetomechanical properties of pure iron under biaxial stresses and obtained the relation between the change of coercive field and stress-induced irreversible magnetization, and also the external biaxial stresses. It was found that the change of coercive field is unsymmetrical under biaxial stresses.
Giant Magnetostrictive Materials of a Rare Earth Alloy.
In 1972, Clark et al. ͓59,60͔, for the first time, found that the Laves phase of magnetostrictive alloy of RE element and iron, RFe 2 ͑here, R stands for the RE element such as Tb, Dy, Ho, Er, Sm, and Tm͒, has the so-called giant magnetostriction at room temperature. Savage et al. ͓61͔ later discovered that a RE magnetostrictive alloy is sensitive to prestress. The saturated magnetostriction increases evidently if a prestress is applied on the material. Typically, a RE magnetostrictive alloy has a magnetostrain of the order of 10 −3 . In the meantime, this kind of material is quick in response to an external magnetic field, and has a high energy density. Therefore, the RE alloy is usually employed in devices of energy transformation.
There are many reports in literature on the characterization of RE alloys and the exploration of their potential use in practical engineering. Moffet et al. ͓48͔ studied in detail the magnetomechanical behavior of Terfenol-D under different prestresses. It was found that a bigger magnetic field is needed to drive the Terfenol-D rod to the same extensional strain as the prestress increases, and the apparent permeability of the material decreases at the same time. Jiles and Thoelke ͓62͔ focused on the effect of Transactions of the ASME prestresses on the variation of the magnetic behavior of a TbDyFe alloy with different compositions. Furthermore, they gave an explanation in terms of the magnetic domain theory. Mei et al. ͓63͔ studied single-crystal TbDyFe with different crystal orientations. They found that magnetostriction in the ͓110͔ direction is superior to that along ͓112͔. The best is nonetheless along orientation ͓111͔, with a saturated magnetostriction of 1700 ppm under the saturated magnetic field of 500 Oe. Prajapati et al. ͓64,65͔ studied the effect of cyclic stress on Terfenol-D and found that stress can enhance magnetocrystalline anisotropy ͑see Fig. 9͒ , where the dashed and solid lines represent separately the hysteresis loop with and without cycled stress. It can be seen that there is an obvious change in the magnetization loop after cycling. We ͓50,51,66͔ systematically studied the magnetoelastic behavior of polycrystalline TbDyFe under a wide range of prestresses, with the peak stress attaining 80 MPa. The polycrystalline TbDyFe is directed along ͓110͔, and the cylindrical sample has a diameter of 10 mm and a length of 30 mm. As shown in Figs. 10 and 11, the magnetostrain grows slowly as the prestress is increased, with the magnetization curve eventually approaching a straight line, as is the general case for paramagnetic materials.
Figures 12-15 present experimental results on magnetization curves and stress versus strain relations under different prestresses. It is evident from these results that there exists nonlinearity in magnetization and stress-strain relations. There also exist residual magnetostrain and magnetization.
Ferromagnetic Shape Memory Alloy.
With giant magnetostriction as well as shape memory effect under a magnetic field, ferromagnetic shape memory alloy NiMnGa is suitable for the new generation of devices ͓14,15͔. The giant magnetostrain of NiMnGa originates from the martensitic phase transformation induced by an external magnetic field. Recent studies show that the Fig. 16 , the stress is parallel to the magnetic field, while in Fig.  17 , the stress is perpendicular to the magnetic field.
As for the mechanism of the effect of magnetic field on the transformation of NiMnGa, Liang et al. ͓70͔ employed the bending method of small sample strips to study transformation-induced deformation in magnetic fields. They noticed that the direct magnetic effects on martensitic transformations were small. While the stress-induced transformations are appreciable in this kind of materials due to the magnetic forces that originated from the magnetic-field gradient. They also concluded that a careful examination of the magnetic force caused by nonuniformity of the magnetic field should be taken for the purpose of addressing the role of magnetic field in transformation. Jeong et al. ͓71͔ studied the effect of magnetic field on the transformation start temperature. The results showed that the martensite-start temperature ͑M S ͒ increases with an increase of magnetic field. The linear relationship between the magnetic field and the M S was confirmed in terms of the experimental results and the modified Clausius-Clapeyron equation. Transactions of the ASME 2.3 Magnetomechanical Fracture. The widespread applications of magnetic materials in engineering have raised the concern for their reliability under a strong external magnetic field. Since flaws such as cracks, voids, and inhomogeneities inevitably exist in materials, the fracture of magnetic materials has become an important subject.
Clatterbuck et al. ͓49͔ measured the fracture toughness of Incoloy908, a soft ferromagnetic alloy, using the compact tension ͑CT͒ specimen under cryogenic conditions, where the peak magnetic field reached 14 T. Figure 18 displays the fracture resistance curves of Incoloy908 under various magnetic fields ͑0 T, 12 T, and 14 T͒, while Fig. 19 plots its fracture toughness in which the dashed lines indicate the scattering of experimental data. These results reveal that there is no obvious effect of external magnetic field on the fracture toughness of the alloy.
To evaluate the magnetic effect on fracture properties of the ferromagnetic austenitic alloy 908, the small specimen testing techniques ͓72͔, such as the notch tensile and small punch tests, are employed in cryogenic high magnetic-field environments. Results show that the 4 K fracture properties of alloy 908 are not changed significantly by magnetic fields. The experimental results are in agreement with the theoretical model that predicts a negligible magnetic-field effect on the stress intensity factor ͑SIF͒ for a crack in low-permeability materials.
We ͓73͔ measured the fracture toughness of manganese-zinc ferrite ceramics with different permeabilities ͑2000 and 10,000͒ by means of the three-point-bending method under external magnetic field. Single-edge-notch-beam ͑SENB͒ specimens with dimensions of 3 ϫ 4.8ϫ 30 mm 3 and with a notch of 0.2ϫ 0.6 ϫ 3 mm 3 on each side of the specimen were used. For the two groups of samples with different specific magnetic permeabilities, Fig. 20 shows that the average fracture toughness is 1.37 MPa ͱ m and 1.38 MPa ͱ m, respectively. There is no measurable change of fracture toughness by varying either the magnetic field or the specific magnetic permeability.
In addition to the three-point-bending test, we ͓73͔ also adopted Vickers' indentation technique under a magnetic field to study the fracture behavior of manganese-zinc ferrite ceramics with different specific magnetic permeabilities. The specimens have the dimensions of 3 ϫ 10ϫ 30 mm 3 . One 10ϫ 30 mm 2 surface was grounded and polished to a mirror finish with diamond pastes. The average indentation load is 50 N. The measured average diagonal length of the pyramid indent is 107 m and the average Vickers hardness of the samples is 8 GPa. Table 1 lists the indentation results, where C ʈ and C Ќ are, respectively, the crack length along the direction parallel to the magnetic field and the direction perpendicular to the magnetic field. There is no visible change in the apparent fracture toughness of the samples under various external magnetic fields, and also no obvious fracture anisotropy was observed.
The above experimental results show that the external magnetic field has no visible influence on the fracture toughness of ferromagnetic materials tested. However, some others reported a significant magnetic effect on fracture parameters such as the SIFs. Shindo et al. ͓74͔ selected three kinds of soft magnetic materials with different specific magnetic permeabilities, i.e., TMC-V: r = 27,900; TMH-B: r = 10,690, and TMB: r = 9030, respectively, as the candidate materials. The specimen plates were 140 mm long and 1 mm thick, and 40 mm wide, with a center-through crack of different lengths. A tensile load and a static uniform magnetic field of magnetic induction B 0 normal to the crack surface were simultaneously applied. The strain gauge method was used to determine the magnetic SIF. The results are shown in Fig.  21 , where h and a are, respectively, half of the strip width and crack length. b c is a dimensionless quantity indicating the magnetic field of magnetic induction B 0 applied at infinity, k h1 is the SIF with magnetic effect, and 0 is the uniform normal stress applied at infinity. It can be seen that the SIF increases in the presence of an external magnetic field, and the magnetic-field effect is more pronounced for the materials with a larger specific magnetic permeability.
Furthermore, the magnetic-field effect was experimentally studied on the soft ferromagnetic plate with a thickness-through crack under the dual action of a uniform transverse magnetic field and a normal line load ͓75͔. Ferritic stainless-steel SUS430 was used as a specimen material ͑ r = 122.9͒. Three kinds of specimens were used, i.e., the specimen with single-internal crack, single-edge crack, and two symmetric edge cracks, respectively. Strain gauges were used to evaluate the magnetic-moment intensity factors. See Figs. 22-24 for the results, where l and W are the length and width of the specimen, respectively. h and a are half of the thickness and crack length. P is the mechanical load. The vertical axis shows the moment intensity factor with magnetic effect, K 1 , normalized by that produced by pure mechanical load, K 10 . It can be seen that the moment intensity factor increases with an increasing magnetic field. There is no dependence of the moment intensity factor with magnetic field on the load.
In addition to the magnetic effect on the static fracture parameters, Shindo et al. ͓76͔ also further explored on the dynamic magnetoelastic fracture problem. Magnetic effect on the crack growth rate ͑CGR͒ was investigated by means of the single-edge cracked plate specimen of a nickel-iron soft magnetic alloy under a uniform magnetic field normal to the crack face. A through-thethickness notch was first machined and then fatigue precracked. The crack opening displacement was measured by a clip gauge. Shown in Fig. 25 is the normalized CGR with magnetic effect versus the normalized magnetic field, in which CGR0 is the CGR without a magnetic field and a / h is the ratio of original crack length to the width of a single-edge cracked strip. It can be found that the CGR increases with external magnetic field. Cracks will grow fast with the aid of an external magnetic field. From the experimental data, there seems to be a linear relation between the CGR and the magnetic field, though the authors predicted a nonlinear relation by their theoretical model.
Obviously, experiments in the open literature give two kinds of completely different results with regard to the magnetic effect on fracture parameters. Some experiments showed no measurable effect ͓49,72,73͔, while some others found a significant effect ͓74-76͔. In the experiments where the magnetic field are perpendicular to the crack surface and parallel to the wide face, such as the experiments with the CT specimen, the fracture toughness was 
020803-8 / Vol. 61, MARCH 2008
Transactions of the ASME not affected by even a very high magnetic field. However, for the bending plate with a through-thickness crack under a transverse magnetic field and a normal mechanical load, the magnetic effect can be significant. Judged by the experiments and their theoretical analysis, Horiguchi and Shindo ͓75͔ concluded that the magneticfield effect on fracture mechanics parameters depends on the direction of magnetic field and mechanical loading condition.
Nonlinear Constitutive Relations
3.1 Phenomenological Constitutive Relations Based on Thermodynamics. The interaction of magnetic field and the elastically deformable solids has been theoretically studied within the framework of phenomenological thermodynamics several decades ago. By means of the general principle of continuum mechanics, Maugin and Eringen ͓77,78͔ derived the coupling constitutive theory from the viewpoint of magnetomechanical interaction and the quantum interchange origin of magnetic field. This theory is nonetheless rather complicated for a magnetomechanical analysis. Pao ͓3͔ and Pao and Yeh ͓24͔ focused on soft ferromagnetic materials of multidomains, where the magnetic hysteresis loss and the interchange effect of quantum can be neglected. The constitutive equations are as follows:
where t ij is the magnetoelastic stress tensor, U = U͑E IJ , N J ͒ the internal energy density, the mass density, M i the magnetization vector, H i the magnetic-field vector, and 0 the vacuum permeability. x i and X J are position vectors in the configurations prior to and after deformation,
The magnetoelastic constitutive relations given by Eqs. ͑3.1͒ and ͑3.2͒ were further linearized on the basis of small deformation ͓24͔. According to the perturbation method, all magnetoelastic quantities can be divided into two parts, one in the rigid state and the other relevant to deformation. Furthermore, higher order quantities can be ignored due to the small deformation assumption. Consequently, the governing field equations, constitutive equations, and boundary conditions can all be simplified. This linearized version of constitutive theory has received much attention due to its simplicity and physical soundness. On the other hand, Jiles and Atherton ͓79,80͔ and Jiles ͓81͔ proposed one phenomenological model based on the experimental hysteresis loop; the coefficients in this model are obtained by fitting with experimental data using the least squares method. The giant magnetostrictive alloy of RE and iron belongs to the soft ferromagnetic materials, which possesses very large magnetostrain, high energy density, and relatively narrow hysteresis loop. Carman and Mitrovic ͓44͔ developed constitutive relations by truncating the Taylor series of the Gibbs free energy; the onedimensional form of these relations can be obtained with reference to experimental results. The pseudolinear version of the magnetostrictive constitutive relations can be arranged around a biased magnetic field, as follows:
where s ijkl Ј , d nij Ј , ␣ ij Ј, nil Ј , and P n Ј are compliance, piezomagnetic coefficients, thermal coefficient, magnetic permeability, and thermomagnetic coefficients, all being functions of the bias magnetic field. In general, it is difficult to quantitatively define these coefficients since they are not real material constants. To overcome this difficulty, the authors of this paper ͓82-84͔ have reexamined the constitutive behavior of the giant magnetostrictive rod. A new method was proposed to determine the above constitutive coefficients. Furthermore, a new constitutive model, i.e., the density of the domain switching model, was developed. [82] [83] [84] . Experimental results have shown that the magnetostrain of magnetostrictive materials generally varies nonlinearly with the applied magnetic field. When the magnetic field becomes very large, the magnetostrain saturates. It was also revealed that the magnetostrain remains unchanged when magnetic field changes to its opposite direction with the same magnitude, suggesting that magnetostrain is an even function of magnetic field. Consequently, the onedimensional constitutive equations may be phenomenologically established as
Standard Square Model
where s is the elastic compliance, m the magnetostrictive modulus, r the magnetoelastic coefficient, the permeability, the strain, the stress, H the magnetic field, and B the magnetic induction. The coefficients are determined as
where the piezomagnetic coefficient can be expressed as
Here, d 0 is the maximum piezomagnetic coefficient, H 0 is the external magnetic field associated with the maximum piezomagnetic coefficient in the absence of compressive prestress, while d cr and H cr are the values corresponding to the case of critical compressive prestress. The coefficients a and b can be determined in terms of experimental data. For the giant magnetostrictive alloy of RE and iron, the piezomagnetic coefficients are generally not constant, varying with the bias conditions such as the compressive prestress and the magnetic field, as illustrated in Fig. 26 . The driving external magnetic field H , associated with the maximum piezomagnetic coefficient d and denoted by the star symbol in Fig. 26 , increases as the compressive prestress increases. As schematically demonstrated in Fig. 27 , the dependence of the driving external magnetic field H on compressive stress can be approximately fitted by a linear equation as 
where ⌬ = − cr and cr is the critical compressive stress for magnetostrictive materials, and is a material constant with the dimension A m N −1 and physically denotes the increase of the external magnetic field to reach the peak piezomagnetic coefficient due to the increase of external stress.
Hyperbolic Tangent Constitutive
Model. The hyperbolic tangent model can be obtained by including the hyperbolic tangent function in the thermodynamic Gibbs free energy function, resulting in
where k =1/ H and
The material parameters d 0 , d cr , H 0 , H cr , a, b, and have already been described in the preceding sections and can be determined by controlled experiments. Switching [83] . This constitutive model was proposed by adopting the phenomenological description of domain switching in magnetic materials. A large quantity of magnetic domains exists in magnetic materials, which will turn to the direction of external magnetic field, resulting in magnetostriction. If the density of domain switching is defined by the quantity of domain switching induced by a unit magnetic field, then macroscopically this definition can be viewed as the deformation caused by the unit external magnetic field.
Constitutive Relations Based on the Density of Domain
The density of domain switching can be approximately simulated by the normal distribution of a probability density function. The one-dimensional version of the constitutive relations can then be expressed as
where H is the external magnetic field, is the stress, cr is the critical stress for magnetic domain switching, erf denotes the error function, and ͑s, , H cr , d cr , cr , and ͒ are material constants. A unique feature of the above three kinds of constitutive relations is that they all contain the same constitutive parameters, which can be explicitly determined by experimental data. A comparison of experimental results and theoretical predictions indicates that the standard square model accurately simulates the experimental results in the low and medium regimes of external magnetic field, while under an intense magnetic field, it cannot reflect the saturation of magnetostrain. The hyperbolic model can simulate the magnetostrain under low and medium magnetic fields and can reflect the saturation to some extent under a high magnetic field; however, it cannot capture the sensitivity of material response to various prestresses. The domain-switching density model, on the other hand, captures all the characteristics of the giant magnetostrictive rod under dual action of magnetic and mechanical loads and, therefore, can simulate the experimental results quite well.
Intended for modeling the ⌬E effect of the Tb-Dy-Fe series alloy under both tensile and compressive prestresses, a more complicated one-dimensional constitutive model ͓85͔ was developed based on the phenomenological description of the experimental results of the TbDyFe alloy and by choosing the stress and magnetization as independent variables, yielding 
where f͑x͒ = coth͑x͒ −1/ x; and are the strain and stress, H and M are the magnetic field and magnetization, M s is the saturation magnetization, and s is the saturation magnetostriction; In addition, a nonlinear magnetomechanical coupling model consisting of the modified Rayleigh model for the magnetic polarization and the "butterfly curve" model for the strain was developed ͓86͔. This constitutive model was developed based on the thermodynamic frame with the assumption of a negligibly small change of material internal stress during magnetic polarization and magnetostriction, and expected for predicting the constitutive hysteresis for the giant magnetostrictive thin films on a nonmagnetic substrate at low magnetic fields.
Constitutive Model Based on Noncontinuous Domain
Switching. From the microscopic viewpoint of magnetization, magnetostriction is the result of magnetic domain switching. For the widely used giant magnetostrictive alloy, Terfenol-D, the easy axes of magnetization are the ͓111͔ crystalline axes. In terms of the minimum free energy principle, magnetic domains must be in the direction of ͗111͘, where domain walls intersect each other with angles of 0 deg, 71 deg, and 109 deg, respectively. Verhoeven et al. ͓87͔ experimentally studied the single crystal TbDyFe oriented along the ͓112͔ direction and found that magnetic domains turn to the direction of ͓111͔, which is vertical to the growth orientation of the single crystal, i.e., the crystalline axis ͓112͔. Jiles and Thoelke ͓88͔ first proposed a three-dimensional magnetic domain rotation model for single crystals oriented along the ͓112͔ direction, supposing that the total free energy is composed of three parts: magnetocrystalline anisotropic energy E ant , external magnetic energy E H , and magnetoelastic energy pertaining to magnetostriction E , namely, H is the external magnetic field; is the stress; and 111 and 100 are the magnetostrictive coefficients in the direction of ͓111͔ and ͓100͔. The total free energy of the system can be expressed as
The rotation angle of magnetic domain can then be obtained by minimizing the total free energy. Armstrong ͓89,90͔ subsequently introduced a probability density function to describe the distribution of magnetic domains based on the model of Jiles and Thoelke ͓88͔ and estimated the macroscale magnetostriction and magnetization by means of integral expressions. This model successfully predicts the experimental results of single-crystal TbDyFe oriented toward the ͓112͔ direction. By adopting the assumption of noncontinuous magnetic domain switching, we ͓51͔ simulated the constitutive behavior of Terfenol-D. Magnetic domains are supposed to be uniformly distributed in the eight equivalent directions of ͗111͘, with the volume fraction of magnetic domain in each direction denoted as P i ͑i =1, . . . ,8͒. It is further assumed that only when the driving force reaches the threshold value can magnetic domains switch to another direction. In this model, the 90 deg domain switching is considered and the so-called 180 deg domain switching is taken as two continuous rotations of 90 deg switching. The stress and magnetic field acting on each domain are supposed to be identical as the external stress and magnetic fields. The free energy for a separate magnetic domain is expressed as 
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Constitutive Models With Internal Variables.
One notable feature of ferromagnetic materials is the hysteresis due to energy dissipation, leading to history-dependent material properties. Similar to history-dependent thermodynamics, appropriate internal variables can be defined in the thermodynamics of ferromagnets. Maugin and co-workers ͓91-94͔ treated the residual quantities in ferromagnetic materials as the irreversible items in classical plasticity. The residual magnetic quantities and strains were modeled as internal variables in the development of a phenomenological constitutive model for ferromagnetic materials. In addition, homogenization techniques of local physical fields are also used to develop constitutive modeling of ferromagnetic behavior with internal variables ͓95,96͔. By using internal state variables that are chosen in consideration of the crystallographic and magnetic microstructure, Kiefer and Lagoudas ͓97͔ derived a phenomenological constitutive model of NiMnGa within the thermodynamic frame, which can capture the magnetic shape memory effect caused by the martensitic variant reorientation process under the dual action of magnetic field and mechanical stress. In the following are summarized two kinds of constitutive models for isotropic and anisotropic magnetic materials, respectively, which were developed by analogy to the flow theory in classical plasticity.
Constitutive Model Based on the J 2 Flow Theory.
It is now well known that there exist similarities in the behavior of ferromagnetic and ferroelectric materials, the latter of which already received a great deal of studies on the electromechanical properties in the past two decades. For example, Bassiouny et al. ͓98-101͔ developed a phenomenological ferroelectric constitutive model by adopting the concept of yield surface in the classical theory of plasticity; Kamlah et al. ͓102-105͔ simulated the nonlinear behavior by introducing several functions associated with electric domain switching; based on the theory of Bassiouny et al. ͓98-101͔ and focusing on the phenomenon of ferroelectric hysteresis, Cocks and McMeeking ͓106͔ introduced the concepts of electromechanical yield surface and hardening modulus to establish a new phenomenological constitutive model for ferroelectric hysteresis. Similar to plastic strain in plasticity, there also exist residual quantities ͑e.g., residual magnetization and strain͒ in ferromagnetic materials when the external magnetic and mechanical loads are released. By analogy to ferroelectric constitutive models of Cocks and McMeeking ͓106͔, the authors of this paper ͓107-109͔ proposed a new ferromagnetic constitutive model by introducing residual magnetization and residual strain as internal variables: the evolution law is determined by the Helmholtz free energy function. The strain and magnetization can respectively be divided into two parts: one part reversible and the other irreversible. It is assumed that no coupling between these two parts exists, and the irreversible quantities, such as residual magnetization and strain, do not cause volume change. Upon introducing the yield surface in the space of magnetic field and mechanical stress, ͑H i , ij ͒, the constitutive equations can be expressed in the rate form as 
where 0 and M 0 are the saturation magnetostriction and magnetization, respectively. A comparison between the theoretical prediction from this model and experimental results is shown in Fig.  28 ; a close agreement is observed.
Phenomenological Constitutive Model With Anisotropic Flow
Theory. The isotropic constitutive models described in the preceding section can be extended for the anisotropic cases, including both elastic and magnetic anisotropy. Within the framework of classical elastoplasticity, Taylor ͓110͔ developed a plasticity model with a proper physical meaning for polycrystalline solids, but the ensuing computation is time consuming. With phenomenological constitutive models, the computational efforts can 
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Transactions of the ASME be greatly reduced by introducing a yield surface which, when coupled with flow rules, dictates the plastic behavior of materials. The yield surface, which is usually convex, varies from one model to another. For example, Hosford ͓111͔ proposed yield surfaces for isotropic materials, while Hill ͓112͔, Budianski ͓113͔, Barlat ͓114͔, and Barlat and Lian ͓115͔ developed anisotropic yield surfaces. In addition to the quadratic form of yield surface, Hershey ͓116͔ and Hosford ͓111͔ proposed the nonquadratic form for fcc and bcc polycrystalline materials. Karafilles and Boyce ͓117͔ developed a general yield criterion, which can be simplified to the other mentioned yield models. Similar to the Karafilles-Boyce model ͓117͔, the authors of this paper developed a general phenomenological constitutive model of ferromagnetism by adopting a nonquadratic yield function ͓51͔. The initial yield surface in the H − space can be obtained by measuring the magnetization curve under various prestresses and finding the corresponding yield points, as demonstrated in Fig. 29 for oriented polycrystalline Terfenol-D. With residual strain and residual magnetization taken as internal variables, the constitutive equations can then be obtained as
where a dot represents differentiation with respect to time.
For an anisotropic material, the stress state can be transformed into that of the corresponding isotropic case by means of the isotropic plasticity equivalent ͑IPE͒ method. To this end, let the IPE transformation tensor of stress L ijkl S and magnetic field L ij H be defined as
where S ij and H i are the IPE tensor of stress and magnetic field, while ij and H i are the actual stress and magnetic field in the material. The transformation tensors, L ijkl S and L ij H , assume the following properties:
The anisotropic yield function can be obtained by replacing the stress deviator S ij and magnetic field H i in the isotropic yield function with S ij and H i , respectively, as follows:
The IPE tensor of stress and magnetic field for the cases of mobile hardening and mixing hardening can be obtained in terms of the IPE method as
The constitutive equations are completed with the experimentally measured yield surface and material parameters. As an example, we ͓51͔ have used the experimentally measured magnetomechanical yield surface of Terfenol-D to obtain the constitutive relations. Demonstrated in Fig. 30 is a comparison between theoretical prediction and experimental measurement of the one-dimensional stress versus strain.
Fracture Mechanics of Soft Ferromagnetic Materials
The fracture behavior of soft ferromagnetic materials and structures under a strong external magnetic field has raised much concern. Cherepanov ͓118͔ used the general balance law and invariant integrations to study electromagnetomechanical problems of magnetoelastic media containing cracks. Shindo ͓119͔ obtained the crack-tip stress distributions in soft ferromagnetic elastic solids interacting with the magnetic field. Built upon the linearized magnetoelastic theory of Pao and Yeh ͓24͔, Shindo studied the problem of an infinitely soft ferromagnetic body containing a center crack in plane strain, with uniform magnetic and mechanical loads applied at infinity normal to the crack surface. Similar to a crack in linear elastic solids, the stress fields around the crack tip assume an inverse square root singularity. Using a similar approach, Shindo ͓120͔ obtained the solution to a penny-shaped center crack in an infinite soft ferromagnetic material under an axial magnetic field. According to the analysis, the critical magnetic induction, at which the crack face becomes unstable, is exactly the same as that predicted for the plane strain case. The critical magnetic field B cr , in terms of the analysis of Shindo ͓119͔, can be estimated by
where 0 and r are the vacuum permeability and material specific magnetic permeability, is the magnetic susceptibility, and G and are the shear modulus and Poisson's ratio. The problem of two collinear cracks in an infinite soft ferromagnetic elastic solid ͓121͔ was also studied for the case of plane strain. It was found that the critical magnetic induction is consistent with that for a single crack. Furthermore, it was pointed out that the SIF around the inner crack tips is bigger than that around the outer crack tips, which implies that two collinear Griffith cracks are unstable and may eventually develop into a single crack. Shindo ͓122͔ also considered flexural wave scattering at a thickness-through crack in a conducting plate, with a uniform magnetic field applied normal to the crack surface. The magnetic field is found to produce higher singular moments near the crack tip. The linear magnetoelastic theory was adopted in analyzing a ferromagnetic plate of finite length with a thickness-through crack under bending moments and the transverse uniform magnetic field. The effect of magnetic field on the moment intensity factor was discussed. Results showed that the magnetic field effect becomes more pronounced by increasing either the external magnetic field or the magnetic susceptibility of material ͓123͔. This problem was further experimentally investigated ͓75͔. Theoretical predictions are in good agreement with experimental results.
To find the magnetic effect on fracture parameters, Shindo et al. ͓74͔ studied theoretically the stress distribution around a crack in the soft ferromagnetic strip with a uniform magnetostatic field normal to the crack surface by using the linear theory for the soft ferromagnetic elastic materials of multidomain structure. Both the plane stress and plane strain models were formulated by considering the infinitely long strip containing a central crack normal to the edges of the strip. The Fourier transforms were used to reduce the problem to two simultaneous dual integral equations, which can be solved in terms of a single Fredholm integral equation of the second kind. A numerical solution was carried out for obtaining the fracture mechanics parameters such as SIF and energy density. The analysis was also verified by their experiments ͓74͔.
Besides Shindo's group, the works on the linear fracture mechanics of soft ferromagnetic elastic solids from some other researchers are summarized as follows. Ang ͓124͔ considered a magnetoelastic planar crack in an anisotropic semi-infinite soft ferromagnetic material. The linear magnetoelastic theory of Pao and Yeh ͓24͔ was used, but with the magnetostriction effect neglected. It has been established that the result can be reduced to the isotropic case of Shindo ͓119͔. Xu and Hasebe ͓125͔ focused on the electromagnetic force in a semi-infinite ferromagnetic induced by electric current: The Maxwell stress tensor was derived from the Lorenz force, and the stress singularity around the crack tip was obtained. Hang and Wang ͓126͔ extended the semi-infinite model to the half space case and obtained the complete solution of magnetoelastic field in the soft ferromagnetic solid. Bagdasarian and Hasanian ͓127͔ examined the influence of boundary conditions on magnetoelastic interaction in the soft ferromagnetic elastic half-plane that contains a crack subjected to a uniform magnetic field. The discussed boundary of the half-plane include the fastening condition, stress free condition, and mixed conditions. By using the complex variable theory and the linearized formulation of the soft ferromagnetic material of Pao and Yeh ͓24͔, Liang et al. ͓128͔ and Liang and Shen ͓129͔ solved the magnetoelastic field for collinear cracks in a soft ferromagnetic plane with uniform magnetic field and mechanical loads at infinity. Furthermore, Liang et al. ͓130͔ studied the magnetoelastic field around an interface crack between two different soft ferromagnetic materials.
In addition to the solutions for a general magnetoelastic field, the energy equilibrium and the energy release rate have been used in ferromagnetic fracture. On the basis of the magnetoelastic coupling theory developed by Maugin ͓5͔ and Eringen and Maugin ͓6͔, Sabir and Maugin ͓131͔ and Fomethe and Maugin ͓132͔ established the path-independent integrals for both soft and hard ferromagnets. Wang and Shen ͓133͔ extended the notion of energy momentum to soft ferromagnets and obtained the balance law of energy and path-independent integrals: This theory was subsequently used in analyzing crack problem in ferromagnetic materials.
There exist obvious limitations in the linear fracture mechanics mentioned above. For example, slit crack tip may be subject to some kind of passivation after deformation. Magnetic materials usually saturate under an intense magnetic field, which is actually the case around the crack tip. Also, the plastic behavior should be involved when considering crack growth in metallic ferromagnetics. Recent progress on the nonlinear magnetoelastic fracture have been achieved and are therefore particularly summarized in the following subsections. Firstly, upon magnetoelastic deformation, the crack distortion and tip passivation were considered in theoretical models so as to eliminate the singularity of SIF obtained from the linear analysis ͓134-136͔. Secondly, when analyzing the cracklike flaws in magnetic materials of giant magnetostriction, the nonlinearity of magnetostriction has been taken into account ͓137͔. Furthermore, the saturation of magnetization and magnetostrain has been included on the basis of linear magnetoelastic analysis with cracklike flaw ͓138͔. Finally, with regard to the magnetic-aided crack growth in ferromagnetic soft alloy, the linear magnetoelastic analysis was extended to the nonlinear formulation by including Dugdale's treatment of the plastic zone in metals ͓76͔.
Nonlinearity due to Crack Configuration Variation.
The disagreement between theoretical prediction and experimental measurement is partially attributable to the mathematical idealization of a sharp line crack. Liang et al. ͓134͔ did not adopt the assumption of Pao and Yeh ͓24͔ that the magnetic field coupled with the deformation is far smaller than the magnetic field in the rigid state. In their treatment, the magnetic field variation around the crack tip was considered to be of the same order of magnitude as that in the rigid state since the deformation gradient is large in the vicinity of the crack tip. The equilibrium equation then becomes as follows:
where M k and H k are the magnetization and magnetic field, respectively, and the stress tensor ij satisfies
where and G are the Lame constants of elastic solid. Meanwhile, the line crack is considered to be an elliptical contour after distortion. Liang et al. ͓135͔ and Liang ͓136͔ further introduced a rotation angle into the configuration variation of the original line crack. As shown in Fig. 31 , an in-plane magnetic field b 0 and a mechanical tension load p are applied at infinity for an infinite plane of soft ferromagnetic material containing a through crack. Here, b and p are the inclination angles for the magnetic field and the mechanical load, respectively. The original line crack lies on the OЈXЈ line prior to deformation, which deforms into an ellipse, denoted by ␥ in the XЈOЈYЈ coordinates ͑Fig. 31͒. Generally, three parameters suffice to determine the elliptical crack surface, i.e., the semiaxes ␣ and ␤ and the inclination angle of the major axis Transactions of the ASME of the ellipse with respect to the original coordinate, .
The analysis of Liang et al. ͓135͔ and Liang ͓136͔ reveals that both the magnetic and stress fields concentrate in the vicinity of the crack tip but are not singular. The stresses in the annular area around the crack tip contain two items: one item varying with 1 / ͱ r and the other with 1 / r, where r is the distance measured from the crack tip. Accordingly, two parameters k item1 and k item2 can be assigned to identify the magnitude for the item with 1 / ͱ r and that with 1 / r, respectively. Plotted in Fig. 32 is an example for the variation of the SIF with the magnetic field, where the shear modulus G = 78 GPa, the magnetic susceptibility = 500, the Poisson ratio = 0.3. The stresses and magnetic field at infinity are yy ϱ = 1 MPa, xx ϱ = xy ϱ = 0, and b x ϱ =0. k linear is the SIF obtained from the common linear magnetoelasticity. It is seen from Fig. 32 that k item1 varies smoothly, and no singularity exists as the magnetic field increases, which is different from that estimated by the linear magnetoelasticity model.
Magnetoelastic Analysis With Nonlinear Magnetostrictive Effect [137]
. Some soft ferromagnetics such as the giant magnetostrictive alloy of RE and iron exhibit significant nonlinear magnetostriction effect when subjected to an external magnetic field. To account for the nonlinear effect in the analysis of magnetoelastic fracture, we ͓137͔ developed a model on the basis of the magnetic force model of Brown ͓2͔ and the magnetoelastic analysis for soft ferromagnetics of multidomain developed by Pao and Yeh ͓24͔. In this analysis, linear magnetization and the standard square constitutive model of magnetostriction were adopted. It is found that the stress field concentrates in an annular area surrounding the elliptical crack tip and the mode I SIF can be defined as
͑4.5͒
Here, a and b are the major and minor semiaxes of the elliptical crack; B ϱ = 1 H ϱ is the magnetic induction at infinity; 1 and 2 are, respectively, the magnetic permeability of matrix outside the ellipse and the medium inside the elliptical crack while I and II are, respectively, their magnetic susceptibility; ␦ I and ␦ II are combined parameters; 0 is the permeability of vacuum; E and are the Young modulus and Poisson ratio of the material outside the elliptical crack, while m 11 and m 21 are the magnetostrictive constants, which physically represent the magnetostrain induced by a unit magnetic induction in the parallel and perpendicular directions of the external magnetic field. The subscripts I and II refer to the media outside and inside the crack, respectively.
As indicated in Eq. ͑4.4͒, the SIF is determined by both the magnetostrictive behavior and the magnetic force effect, where magnetostrictive coefficients are included in the parameter . Generally speaking, except for slit cracks, the magnetostrictive effect cannot be neglected, especially for those materials of great magnetostriction. A slit crack is the limit case of an elliptical crack. When the minor semiaxis of an elliptical crack becomes zero ͑b = 0, it reduces to a slit crack, with ⌬ 1 = −1 and ⌬ 2 =1. It can then be shown that the magnetic field is homogeneous for the entire plane and equals the externally applied magnetic field at infinity. The stress field has a singularity, the same as that of the classical Griffith crack. For soft ferromagnetic materials with a negligibly small magnetostrictive effect, the SIF in Eq. ͑4.4͒ can be simplified as
This expression is independent of magnetostrictive coefficients, implying that the magnetostrictive effect can be neglected in the fracture analysis of soft ferromagnetics with small magnetostrictive effect. This seems to be consistent with the conclusions reached by Shindo ͓119͔.
Magnetoelastic Analysis With Magnetostrain Saturation [138].
Magnetostrain can generally be regarded as a quadratic function of the magnetic field if it is not very strong. When the magnetic field becomes intense, magnetostrain approaches the saturation point, s , which is a material constant. Figure 33 shows the magnetization of a typical soft ferromagnetic, where magnetization is considered to be linear with the magnetic field until the saturation point is reached; M s is the corresponding saturated magnetization and H s refers to the magnetic field at which the magnetization saturates, both of which are material constants. The magnetic field near the crack tip may be larger than H s due to the concentration effect even when the applied magnetic field is smaller than H s . The majority portion of the plane can be treated as linearly magnetized except for a small volume around the crack tip. This is the so-called small-scale magnetic-yielding condition.
As schematically illustrated in Fig. 34 , the saturation zone around the crack tip may be approximated as a circular cylinder of radius r s , where
It can then be shown that the hoop stress on the crack extension line inside the saturation zone is given by
where
͑4.14͒
The above theoretical model was used to interpret the experimental results of soft ferromagnetic materials ͓49,73͔.
Dugdale Crack Model for the Soft Ferromagnetic Materials [76]
. Shindo et al. ͓76͔ had studied the problem of magnetic-aided crack growth in soft ferromagnetic alloys, where the Dugdale small-scale mechanical yielding condition was adopted in treating the plastic deformation around the crack tip. An infinite soft ferromagnetic plane with a finite crack was considered. A uniform tensile stress and a uniform magnetic field of magnetic induction B 0 normal to the crack surface are applied at infinity. The tensile stress ͑the sum of the magnetoelastic and Maxwell ones͒ on the plastic yielding planes ahead of the crack tip is assumed to be uniform and prescribed. By using a dipole model for the magnetization, this problem can be formulated in the perturbation state with the mixed boundary conditions. By means of Fourier transform, the mixed boundary problem can be reduced to two simultaneous integral equations, from which the final solution including displacements and the SIF can be solved. The crack opening displacement COD 1 ͑x͒ within the yield zone can be determined. Based on the accumulated plastic displacement or accumulated plastic work criterion, the crack growth is assumed to start when the accumulated plastic displacement D T of a certain point equals a critical value D c . Then the CGR in the small-scale yielding condition can finally be obtained as
where da / dN is the CGR per cycle and N is the number of loading cycles. = for plane strain and =2 / ͑ +2͒ for plane stress. and are the Lame constants. r =1+ is the specific magnetic permeability, and is the magnetic susceptibility. a is half of the crack length, and the plastic yielding zone lies on the segment of a Ͻ ͉x͉ Ͻ c, where the crack is on the x axis.
Effective Magnetostriction of Ferromagnetic Composites: Micromechanics Approach
Equivalent Modulus of Ferromagnetic Composites.
Although soft ferromagnetic materials have been widely used, some materials ͑e.g., giant magnetostrictive alloy of RE and iron͒ are very brittle and not suitable for dynamic use due to large eddycurrent loss. Consequently, in recent years, ferromagnetic composites with soft matrix and ferromagnetic particulate inclusions have received much attention. Of all the effective properties, the effective magnetostriction is a parameter of considerable significance. Both theoretical efforts and experiments have been conducted to study the effective magnetostriction. Amongst different theoretical models, those based on the micromechanics approach have an explicit physical background. In the following, the equivalent moduli of ferromagnetic composites obtained from the micromechanics approach are summarized. Nan ͓139͔ developed a theoretical work for the analysis of piezoelectric and piezomagnetic composite by means of the Green's function and permutation method; the linear coupled magnetoelectroelastic constitutive relation was adopted. With a special averaging scheme, the following effective constitutive relations were obtained:
where ͑C* , e* , q* , * , ␣* , *͒ are, respectively, the effective elastic moduli, piezoelectric coefficient, piezomagnetic coefficient, dielectric permittivity, magnetoelectric coefficient, and magnetic permeability; ͗ ͘ represents the volume average; is the stress tensor, s the strain tensor, D the electric displacement, e the electric field, B the magnetic flux density, and H the magnetic field.
However, it appears that this work does not consider the interaction amongst inhomogeneities Huang and co-workers ͓140-143͔ developed a unified method for an analysis of piezoelectric/piezomagnetic composites, adopting the following linear piezoelectric/piezomagnetic constitutive laws: 
where C ijkl , e nij , q nij , in , ⌫ in , and ni are the elastic parameters, piezoelectric parameters, piezomagnetic parameters, dielectric constants, and permeability and magnetoelectric constants, respectively. By supposing that the composite reinforcements are ellipsoidal in shape, a unified form of the magnetoelectroelastic Eshelby tensor as well as the magnetic, electric, and elastic fields and the concentrating tensor around the inclusion were obtained. The overall properties of the composite were examined by analogy to the Mori-Tanaka average-field theory.
Extending the double-inclusion model for elasticity to treat the multicoupling fields of magnetoelectroelasticity, Li and Dunn ͓144͔ and Li ͓145͔ studied the magnetoelectroelastic behavior of piezoelectric and piezomagnetic composites. The effective modulus by means of the generalized double-inclusion model is as follows:
͑5.3͒
Here, E iJAb * is the effective magnetoelectroelastic tensor, E iJMn is the magnetoelectroelastic tensor of the matrix S KlEf 2 is the Eshelby tensor of double inclusion, I MnKl is the identity tensor, and A AbMn Z Mn ϱ = ͉͚ r=1 2 f r Z Ab T ͉ r , where Z Ab T is the equivalent eigenfield, which can be derived through the consistency condition, and f r is the volume fraction of the r phase.
We ͓146-148͔ have theoretically investigated the effective properties of ferromagnetic composites with giant magnetostrictive particles and the nonmagnetostrictive matrix, where the saturated magnetostriction of the magnetostrictive phase was treated as an eigenstrain. By means of the double-inclusion model, the effective modulus of the composite was obtained. As demonstrated in Fig. 35 an ellipsoidal inclusion ⍀ 1 was embedded into another ellipsoidal inclusion ⍀ 2 to form the double inclusion. Let the volume fractions of phase ⍀ 1 and phase ⍀ 2 be denoted by f 1 and f 2 , respectively. The double inclusion was then inserted into an infinite medium D, with a homogeneous strain field ij ϱ applied at infinity. The equivalent elastic modulus of the composite was then obtained as
͑5.4͒
where E ijkl * is the effective modulus of the composite, E ijkl 1 , E ijkl 2 , and E ijkl 0 are the elastic modulus of inclusion ⍀ 1 , inclusion ⍀ 2 − ⍀ 1 , and the infinite medium D, respectively; S ijkl 1 and S ijkl 2 are the Eshelby tensor of inclusion ⍀ 1 and inclusion ⍀ 2 , respectively; I rspq is the identity tensor of order 4.
Effective Magnetostriction of Magnetostrictive
Composites. Composites with giant magnetostrictive particles of RE elements are well known for large magnetostriction, good mechanical properties, and small eddy-current loss. Pinkerton et al. ͓149͔ fabricated the magnetostrictive composite of SmFe 2 / Fe and SmFe 2 / Al, and the effect of individual constituents on the effective magnetostriction of the composite was studied. They found that the machining property of the composite was improved significantly in comparison with the single magnetostrictive phase SmFe 2 . Chen et al. ͓150͔ suggested that the matrix should be so chosen to have a modulus close to that of the magnetostrictive phase. Duenas and Carman ͓151͔ designed and fabricated a magnetostrictive composite made of resin and Terfenol-D particles. They found that there exists an optimum volume fraction of the Terfenol-D phase for maximum effective magnetostriction. By choosing Terfenol-D as the magnetostrictive phase and either resin or glass as the matrix, Guo et al. ͓152͔ developed two different kinds of magnetostrictive composites. They tested the static and dynamic magnetomechanical behavior of the composite and found that its magnetomechanical coupling coefficient k 33 depends on the elastic modulus of resin: It is possible to find an optimal k 33 by selecting a proper resin. Ryu et al. ͓153͔ fabricated the magnetoelectric laminate composites by stacking and bonding a piezoelectric transducer ͑PZT͒ disk and two magnetostrictive Terfenol-D disks. This kind of composite can be operated with a high magnetoelectric effect.
On the modeling front, Nan et al. ͓154-156͔ proposed an analytical model for the effective magnetostriction of magnetostrictive composites by means of the Green function method. The effective magnetostriction can be calculated by
where C is the stiffness of the inhomogeneous medium and can be expressed by C͑x͒ = C 0 + CЈ in which C 0 is the stiffness of a reference homogeneous medium, CЈ is the stiffness disturbance due to inhomogeneity, G u is the modified Green function for the displacement, C* is the effective stiffness of the composite, and is the saturated magnetostriction. Armstrong ͓157,158͔ developed a method to estimate the effective magnetostriction of magnetostrictive particle reinforced composite by means of the magnetic free energy, on the assumption that the matrix is nonmagnetic and the composite is subjected to a homogeneous magnetic field at infinity. The magnetic free energy is supposed to be composed of three parts: the magnetic energy, the magnetocrystalline energy, and the magnetoelastic energy. The macroscale deformation of the composite is determined by the Mori-Tanaka averaging scheme. In addition, for the case that the matrix is nonmagnetostrictive, Herbst et al. ͓159͔ developed a relatively simple model for the effective magnetostriction.
The double-inclusion method ͓160,161͔ was generalized to investigate the effective magnetostriction of magnetostrictive composites, where the saturated magnetostriction of the material was treated as an eigenstrain ͓146-148͔. The equivalent magnetostriction can be obtained through the average strain field of the composite with an eigenstrain. The effective magnetostriction is estimated as follows: 
͑5.6͒
where A 1 is the strain concentration tensor of the inclusion ⍀ 1 ͑see Fig. 5͒ , S is the Eshelby tensor, I is the identity tensor, and f is the volume fraction of the inclusion ⍀ 1 . If the particles are made of a cubic phase crystal, the magnetostrain field ms in the local coordinates of the crystalline axes becomes where ʈ ms and Ќ ms are the magnetostrain in the direction parallel and perpendicular to the external magnetic field, respectively. It is seen from the above results that the equivalent magnetostriction is dependent on the magnetostrictive coefficient of the crystal, the inclusion shape, and the elasticity of the matrix. For two specific examples of magnetostrictive composite of SmFe 2 / Al and SmFe 2 / Fe with Terfenol-D/glass, the theoretical predictions and experimental data are compared in Figs. 36 and 37, respectively. To establish the quantitative relation between the effective properties of a composite and the properties of its constituents, we ͓162͔ systematically studied the effect of magnetic properties, including the permeability of each constituent, on the overall magnetostriction. The results indicate that magnetostrictive composites can be roughly divided into two kinds: one kind in which the the matrix is either nonmagnetic or has very low magnetostriction, whereupon the effective magnetostriction of the composite is independent of the permeability of constituents, and another kind in which the reinforcement has a magnetostriction similar to that of the matrix, whereupon the effective magnetostriction of the composite depends on both the elastic and magnetic parameters of each constituent and also the volume fractions. Unlike the first kind, in a certain range, the effective magnetostriction of the second kind of composites can be improved by increasing the matrix permeability. Comparisons are made between theoretical predictions and experimental data published in the literature, as shown in Figs. 38 and 39 with good agreement.
Concluding Remarks
Functional ferromagnetic materials have already been widely used in engineering. The newly developed giant magnetostrictive alloy of RE and iron and ferromagnetic shape memory alloys show great potential in the development of a new generation of magnetomechanical devices, owing to their superior properties, such as the giant magnetostriction, large energy density, etc. The magnetoelastic coupling constitutive behavior and the associated fracture problems of these materials under the dual action of magnetic and mechanical loads have received increased attention in recent years. Great progress in both theoretical and experimental aspects has been achieved, as reviewed in this article. However, further research is needed, summarized as follows.
͑1͒ Much progress has been made in the magnetomechanical Transactions of the ASME experiments of ferromagnetic materials, especially the magnetomechanical setup, from which the dual action of magnetic and mechanical loads can be simultaneously applied. However, experimental techniques still need to be improved. The strain measurement, for example, is usually conducted by means of the strain gauge, regardless of the magnetic field. As one knows, electromagnetic interference will directly change the authenticity of the testing strain data. In order to reduce the external disturbance, some available measures, e.g., the shielded wires, can be adopted. A more advanced and accurate method should be introduced into the experiments with the magnetic field. For example, the noncontact techniques and other testing methods free from interference can be included in the measurement of displacement and magnetostrain; therefore, the electromagnetic disturbance can be completely avoided. ͑2͒ The mechanism of the magnetic-field-induced transformation in NiMnGa should be further studied. As was pointed out by Liang et al. ͓70͔, the direct magnetic effects on martensitic transformation were very small, while stressinduced transformations are appreciable. However, open literature is rather limited on this subject. It is therefore believed that much more work is needed. To address the role of magnetic field in transformation in NiMnGa, carefully designed experiments are required for illustrating this problem, where an examination of the magnetic force aroused by nonuniformity of the magnetic field should be particularly involved. ͑3͒ As far as the magnetic effect on fracture parameters is concerned, experiments in the open literature present two kinds of completely different results. Some experiments showed no measurable effect, while others found a significant effect. In analyzing these completely different experimental results, Shindo's group argued that magnetic effect depends on candidate specimen materials, the direction of magnetic field, and loading conditions. Naturally, further understanding must rely on more experiments with different candidate materials. For example, the specimen materials are usually of little magnetostriction. Further experiments should be carried out with the candidate materials of large magnetostriction. Other loading conditions, e.g., inclined magnetic field over the crack surface, are also helpful in clarifying this problem and should be employed in experiments. ͑4͒ The analysis of a dynamic magnetoelastic fracture with crack growth is still insufficient. For example, the Dugdale crack model ͓76͔ for the soft ferromagnetic materials with crack growth predicts a nonlinear relation for CGR versus magnetic field, while the experiment shows a linear relation. The developed models, including those for magnetoelastic stresses around a crack tip, are mainly based on the linearized magnetoelastic theory of soft ferromagnetic materials with multidomain, where many important features of the ferromagnetic material, such as ferromagneticity and magnetic hysteresis, were ignored. More efforts should further be put on theoretical models for dynamic magnetoelastic fracture and also in clarifying the magnetic effect on fatigue mechanism with crack growth. In addition, the understanding of deformation and fracture of hard ferromagnets is still very limited. ͑5͒ Most analytic models for ferromagnetic composites are based on a linear assumption with regard to magnetostriction, whether a Green function method or an equivalent eigenstrain method. To consider the interaction between magnetostrictive phase and matrix, linear piezomagnetic equations are usually involved in the theoretical model. However, magnetostrictive materials, especially those of giant magnetostriction, are characterized by the nonlinear behavior under a magnetic field. Deep insight into the overall behavior of ferromagnetic composites should be based on material nonlinear properties and phase interaction. On the other hand, a comparison between theoretical prediction and experimental results are still not satisfactory. A general three-dimensional analysis incorporating the nonlinear constitutive behavior of the magnetostrictive phase is yet to be developed.
